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Let A denote the class of analytic univalent functions in the
unit disc U ¼ fz 2 C : jzj < 1g of the form:
fðzÞ ¼ zþ
X1
n¼2
anz
n: ð1:1Þ
A function f(z) 2 A is called starlike of order a if f(z) satisﬁes
Re
zf0ðzÞ
fðzÞ
 
> a; ð1:2Þ
for 0 6 a< 1 and z 2 U. We denote by S*(a) the class of all
starlike functions of order a. Also, a function f(z) 2 A is called
convex of order a if f(z) satisﬁes.
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6.001Re 1þ zf
00ðzÞ
f0ðzÞ
 
> a; ð1:3Þ
for 0 6 a< 1 and z 2 U. We denote by C(a) the class of con-
vex functions of order a.
For b> 1 and z 2 U, let MðbÞ denotes the subclass of A
consisting of functions f(z) of the form (1.1) and satisfying
the condition
Re
zf0ðzÞ
fðzÞ
 
< b; ð1:4Þ
and let NðbÞ denote the subclass of A consisting of functions
f(z) of the form (1.1) and satisfying the condition
Re 1þ zf
00ðzÞ
f0ðzÞ
 
< b; ð1:5Þ
it follows from (1.4) and (1.5) that
fðzÞ 2 NðbÞ () zf0ðzÞ 2MðbÞ: ð1:6Þ
The subclasses MðbÞ and NðbÞ and some related classes
have been studied by several authors (e.g. [1–4]).
Furthermore, let V denote the subclass of analytic univalent
functions of the form:gyptian Mathematical Society. Open access under CC BY-NC-ND license.
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X1
n¼2
janjzn ða0 > 0Þ: ð1:7Þ
Also, let
fiðzÞ ¼ a0;izþ
X1
n¼2
jan;ijzn ða0;i > 0Þ; ð1:8Þ
and
gjðzÞ ¼ b0;jzþ
X1
n¼2
jbn;jjzn ðb0;j > 0Þ; ð1:9Þ
the quasi-Hadamard product (fi \ gj)(z) of the functions fi(z)
and gj(z) by
ðfi  gjÞðzÞ ¼ a0;ib0;jzþ
X1
n¼2
jan;ijjbn;jjzn ði; j 2 N ¼ 1; 2; 3; . . .Þ:
Similarly, we can deﬁne the quasi-Hadamard product of more
than two functions.
Also, let VðbÞ ¼MðbÞ \ V and UðbÞ ¼ NðbÞ \ V, following
the results obtained by Uralegaddi et al. [5], we can obtain the
following lemmas.
Lemma 1. Let the function f(z) 2 V, then
fðzÞ 2 VðbÞ 1 < b 6 43
 
if and only ifX1
n¼2
ðn bÞjanj 6 ðb 1Þa0: ð1:10Þ
Lemma 2. Let the function f(z) 2 V, then
fðzÞ 2 UðbÞ ð1 < b 6 4
3
Þ if and only if
X1
n¼2
nðn bÞjanj 6 ðb 1Þa0: ð1:11Þ
Let u(z) be a ﬁxed function of the form:
uðzÞ ¼ c0zþ
X1
n¼2
cnz
n ðc0; cn P 0Þ: ð1:12Þ
Using the function deﬁned by (1.12), we now deﬁne the fol-
lowing new classes.
Deﬁnition 1. A function f(z) 2 Vu(cn, d) (cnP c2 > 0) if and
only ifX1
n¼2
cnjanj 6 da0 ðd > 0Þ: ð1:13Þ
Deﬁnition 2. A function f(z) 2 Uu(cn, d) (cnP c2 > 0) if and
only if
X1
n¼2
ncnjanj 6 da0 ðd > 0Þ: ð1:14Þ
Also, we introduce the following class of analytic functions
which plays an important role in the discussion that follows.
Deﬁnition 3. A function fðzÞ 2 Vkuðcn; dÞ ðcn P c2 > 0Þ if and
only if
X1
n¼2
nkcnjanj 6 da0 ðd > 0Þ; ð1:15Þwhere k is any ﬁxed nonnegative real number.
For suitable choices of cn, d, k and a0 = 1, we obtain:
(i) V 0uððn bÞ; ðb 1ÞÞ ¼ V ðbÞ 1 < b 6 43
 
[5];
(ii) V 1uðnðn bÞ; ðb 1ÞÞ ¼ UðbÞ 1 < b 6 43
 
[5];
(iii) V 0uððn 1Þ þ jn 2bþ 1j; 2ðb 1ÞÞ ¼MðbÞ
ðb > 1; a0 ¼ 1Þ ([6,7], with k= 1);
(iv) V 1uðnfðn  1Þ þ jn  2b þ 1jg; 2ðb  1ÞÞ ¼ NðbÞ
ðb > 1; a0 ¼ 1Þ ([6,7], with k= 1).
Evidently, V0uðcn; dÞ ¼ Vuðcn; dÞ and V1uðcn; dÞ ¼ Uuðcn; dÞ.
Further Vc1u ðcn; dÞ  Vc2u ðcn; dÞ if c1 > c2P 0, the containment
being proper. Moreover, for any positive integer k, we have the
following inclusion relation
Vkuðcn; dÞ  Vk1u ðcn; dÞ      V2uðcn; dÞ  Uðcn; dÞ  Vðcn; dÞ:
We also note that for nonnegative real number k, the class
Vkuðcn; dÞ is nonempty as the function
fðzÞ ¼ a0zþ
X1
n¼2
nk
da0
cn
knz
n; ð1:16Þ
where a0 > 0, knP 0 and
P1
n¼1kn 6 1, satisfy the inequality
(1.15).
The quasi-Hadamard product of two or more univalent
functions has been recently deﬁned and studied by Aouf [8],
Darwish [9], Frasin [10], Frasin and Aouf [11] and Kumar [12].
The object of this paper is to establish a result concerning
the quasi-Hadamard product of functions in the classes
Vkuðcn; dÞ;Uuðcn; dÞ, and Vu(cn, d).
2. The main results
Theorem 1. Let the functions fi(z) deﬁned by (1.8) belong to the
class Uu(cn, d) for every i = 1,2, . . . ,m; and let the functions
gj(z) deﬁned by (1.9) belong to the class Vu(cn, d) for every
j = 1,2, . . . , q. If cn P ndðn 2 NÞ, then the quasi-Hadamard
product f1 \ f2 \    \ fm \ g1 \ g2 \    \ gq(z) belongs to the
class V2mþq1u ðcn; dÞ.
Proof. It is sufﬁcient to show that
X1
n¼2
n2mþq1cn
Ym
i¼1
jan;ij 
Yq
j¼1
jbn;jj
 !" #
6 d
Ym
i¼1
a0;i 
Yq
j¼1
b0;j
 !
:
Since fi(z) 2 Uu(cn, d), we have
X1
n¼2
ncnjan;ij 6 da0;i; ð2:1Þ
for every i= 1,2, . . . ,m. Therefore,
jan;ij 6 n1 d
cn
 
a0;i;
and hence
jan;ij 6 n2a0;i; ð2:2Þ
the inequalities (2.1) and (2.2) hold for every i= 1,2, . . . ,m.
Further, since gj(z) 2 Vu(cn, d), we have
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n¼2
cnjbn;jj 6 db0;j; ð2:3Þ
for every j= 1,2, . . . ,q. Hence, we obtain
jbn;jj 6 n1b0;j; ð2:4Þ
for every j= 1,2, . . . ,q.
Using (2.2) for i= 1,2, . . . ,m, (2.4) for j= 1,2, . . . ,q  1
and (2.3) for j= q, we have
X1
n¼2
n2mþq1cn
Ym
i¼1
jan;ij 
Yq
j¼1
jbn;jj
 !" #
6
X1
n¼2
n2mþq1cn n
2mnðq1Þ
Ym
i¼1
a0;i 
Yq1
j¼1
b0;j
 !
jbn;qj
" #
¼
Ym
i¼1
a0;i 
Yq1
j¼1
b0;j
 !X1
n¼2
cnjbn;qj 6 d
Ym
i¼1
a0p;i:
Yq
j¼1
b0;j
 !
:
Hence, f1  f2      fm  g1  g2      gq 2 V2mþq1u ðcn; dÞ.
We note that the required estimate can also be obtained by
using (2.2) for i= 1,2, . . . ,m  1, (2.4) for j= 1,2, . . . ,q, and
(2.1) for i= m. h
Taking into account the quasi-Hadamard product func-
tions f1(z), f2(z), . . . , fm(z) only, in the proof of Theorem 1
and using (2.2) for i= 1,2, . . . ,m  1, and (2.1) for i= m,
we obtain
Corollary 1. Let the functions fi(z) deﬁned by (1.8) belong to
the class Uu(cn, d) for every i = 1,2, . . . ,m. If
cn P nd; ðn 2 NÞ, then the quasi-Hadamard product
f1 \ f2 \    \ fm(z) belongs to the class V2m1u ðcn; dÞ.
Also taking into account the quasi-Hadamard product
functions g1(z),g2(z), . . . ,gq(z) only, in the proof of Theorem 1
and using (2.4) for j= 1,2, . . . ,q  1, and (2.3) for j= q, we
obtain
Corollary 2. Let the functions gi(z) deﬁned by (1.9) belong to
the class Vu(cn, d) for every i = 1,2, . . . , q. If
cn P nd; ðn 2 NÞ. Then the quasi-Hadamard product
g1 \ g2 \    \ gq belongs to the class Vq1u ðcn; dÞ.
Remarks
(i) Putting cn = (n  b) (nP 2) and d ¼ ðb 1Þ 1 < b 6 43
 
in the above results, we obtain results corresponding to
the class V(b).(ii) Putting cn = n(n  b) (nP 2) and
d ¼ ðb 1Þ 1 < b 6 4
3
 
in the above results, we obtain
results corresponding to the class U(b).
(iii) Putting cn = (n  1) + Œn  2b+ 1Œ (nP 2) and
d= 2(b  1) (b> 1) in the above results, we obtain
results corresponding to the class MðbÞ.
(iv) Putting cn = n{(n  1) + Œn  2b+ 1Œ} (nP 2) and
d= 2(b  1) (b> 1) in the above results, we obtain
results corresponding to the class NðbÞ.Acknowledgments
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